(N 



Vertex Operators in 4D Quantum Gravity 
Formulated as CFT 



Ken-ji Hamada 

O' 

CN I Institute of Particle and Nuclear Studies, KEK, Tsukuba 305-0801, Japan 

S \ and 

Department of Particle and Nuclear Physics, The Graduate University for 

Advanced Studies (Sokendai), Tsukuba 305-0801, Japan 

Abstract 

Oh| We study vertex operators in 4D conformal field theory derived 

r~| I from quantized gravity, whose dynamics is governed by the Wess- 

Zumino action by Riegert and the Weyl action. Conformal symmetry 

\^J I is equal to diffeomorphism symmetry in the ultraviolet limit, which 

cn [ mixes positive-metric and negative-metric modes of the gravitational 

.^ I field and thus these modes cannot be treated separately in physical 

Cn I operators. In this paper, we construct gravitational vertex operators 

in 

o. 

^^ , them are invariant under conformal transformations. Short distance 



X 



singularities of these operator products are computed and it is shown 
that their coefficients have physically correct sign. Furthermore, we 
show that conformal algebra holds even in the system perturbed by the 
cosmological constant vertex operator as in the case of the Liouville 
theory shown by Curtright and Thorn. 



1 Introduction 

Through many attempts quantizing gravity in four dimensions [1, 2, 3, 
4, 5, 6, 7, 8, 9], we have come to think that a certain non-perturbative 
method would be necessary to formulate quantum theory of gravity in the 
ultraviolet (UV) limit. Since the metric field has the conformal factor, the 
space-time would have an exact conformal invariance when this factor fully 
fluctuates quantum mechanically. Conformal field theory (CFT) is thus a 
reliable method to describe such a quantum space-time that would be realized 
far beyond the Planck scale. 

Recently, we proposed renormalizable 4D quantum theory of gravity for- 
mulated as a perturbed theory from such a CFT [10, 11], whose dynamics 
is described by the combined four- derivative system of the Wess-Zumino ac- 
tion found by Riegert [12, 13, 14, 15, 16, 17, 18, 19, 20] and the Weyl action. 
Conformal symmetry is realized as diffeomorphism symmetry in the UV limit 
when we quantize these actions. 

In general, four-derivative quantum theories of gravity [6, 7, 8, 9] have 
various advantages: unlike the Einstein gravity, gravitational coupling con- 
stants become dimensionless, space-time singularities can be removed system- 
atically, and their actions are bounded from below. But, they have ghosts. 
We know that in fully perturbative methods the ghost problem cannot be 
avoided because the ghost mode appears as a gauge invariant state in this 
case. Therefore, we need a non-perturbative idea to make ghosts not dynam- 
ical or not gauge invariant. 

There are various proposals in the past how to treat the problem of ghosts. 
For instance, Tomboulis [8] proposed that ghosts might be removed in the 
infrared (IR) region using the idea of Lee and Wick [21] based on the re- 
summed propagator in asymptotically free theories. Recently, Horava [22] 
proposed a higher-derivative gravity model by making ghosts non-dynamical 
at the cost of diffeomorphism invariance in the UV limit. Besides, there are 
various approaches expanding in derivatives about the ghost-free Einstein 
theory with a UV cutoff. The attempt making counterterms vanish by equa- 



tions of motion is this case. The idea of asymptotic safety by Weinberg [5] 
is that assuming the existence of a non-trivial UV fixed point, the cutoff is 
taken to be infinity at there. 

Our proposal is that the problem of ghosts should be reconsidered under 
the light of CFT, because conformal symmetry is equal to diffeomorphism 
symmetry in the UV limit and mixes positive-metric and negative-metric 
modes of the gravitational field as 
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-Y.^N2C^jN,,J+^-N2^J+^N2' (1.1) 
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where ajj^ is the positive-metric creation mode, bjj^ is the ghost creation 
mode with negative-metric, and Qm is the generator of special conformal 
transformation given in the next section. Therefore, the ghost mode itself 
becomes not gauge invariant and thus we cannot consider this mode indepen- 
dently. This is the key of this CFT approach, not found in usual perturbative 
methods without such a symmetry. The field acts as a whole in physical quan- 
tities so that the correctness of the overall sign of the gravitational action 
becomes significant for unitarity. 

In this paper, we study the physical vertex operator O that is defined as 
the space-time volume integral of it satisfies the commutator 



Q^, f dn^o 



(1.2) 



for all generators of conformal algebra, Q(^. Such a operator was somewhat 
discussed by analogy with two dimensional case in [16], but how to construct 
it and whether it is indeed true are not clear at all. We settle the prob- 
lem by applying the technique for quantum diffeomorphism developed in the 
previous work [20] to composite fields and concretely construct the vertex 
operators corresponding to the cosmological term and the Ricci scalar. 

Furthermore, we compute the operator products of these vertex operators 
and show that the coefficients of the most singular parts have a physically 



correct sign. In this way, we reconsider the issue of unitarity in terms of 
conformal field theory, namely whether correlation functions are physical or 
not. We see that there is no unphysical behavior of correlations at least 
within discussions given in this paper. 

Finally, we consider the conformally invariant deformation by the cosmo- 
logical constant vertex operator and its physical meanings. 

2 DifFeomorphism and Conformal Algebra 

In this section, we briefly review the recent results in 4D quantum gravity 
formulated as a certain CFT and settle the conventions and notations. 

The Model The metric field is decomposed into the conformal factor and 
the traceless tensor field as 

g^.. = e'Hge'^)^, = e^^ {g,, + th,, + ■ ■ ■) (2.1) 

with tr(h) = g^^h^u = 0. Here, g^i^ is the background metric. The conformal 
factor is now treated exactly without introducing its own coupling constant, 
while the traceless tensor field is handled perturbatively by the dimensionless 
coupling constant t. 

This perturbation theory is defined by the Weyl action with the coupling 
constant t as / = — (1/t^) / d'^x^^—gC^i^xa-^ Quantization is carried out by 
the path integral as follows: 

f[dg]gexp{il) = f[d(j)dh]gexp{iS + il). (2.2) 

Here, S is the Wess-Zumino action [24] induced from diffeomorphism invari- 
ant measure [dg]g in order to preserve diffeomorphism invariance when we 
rewrite the path integral using the practical measure defined on the back- 
ground metric [d(f)dh]g. 



^Thc Eulcr term is also added in the action, while the R^ term is excluded by imposing 
the Wess-Zumino consistency condition [12, 23, 24]. 



In this paper we consider the UV hmit of t — )■ indicated by the asymp- 
totically free behavior of the coupling. In the UV limit, the induced action 
S is given by the Wess-Zumino action found by Riegert [12] 

^Rws = -7^ / d'x^g |20A40 + (g, - ^V'i?) 0} , (2.3) 

where G4 is the Euler density and ^/—gA^ is the conformally invariant fourth- 
order differential operator. The coefficient 61 has the correct sign of positive- 
definite such that the action is bounded from below. ^ 

In this way, the quantized Riegert- Wess-Zumino model [13, 14, 16, 17] 
originally studied based on the analogy of 2D quantum gravity is now in- 
corporated into the renormalizable quantum gravity with only one coupling 
constant t that indicates the asymptotic freedom [10, 18, 11, 20]. As shown in 
[20], quantum diffemorphism algebra in four dimensions becomes complete 
in the combined system of the Weyl action and the Riegert- Wess-Zumino 
action.^ 

The Riegert-Wess-Zumino action is just 4D counter quantity of the Liou- 
ville action in 2D quantum gravity [25, 26, 27, 28, 29]. In imitation of the 
Liouville field, we call the field in the conformal factor the Riegert field in 
the following. 

Conformal Symmetry Diffeomorphism is defined by the transformation 
^^9^.1^ = dfix^u^^ + duxVfi^^- Conformal symmetry is realized in the UV 
limit as the residual gauge symmetry of the diffeomorphism in the radiation"*" 
gauge [18, 20].^ The gauge parameter C,^ = C^ is the conformal Killing vector 



Hn general, it is given by 61 = 769/180 + {Nx + nNw/2 + 627Va)/360. Here, the 
first term is the loop correction from quantized gravity [14, 17]. The other terms are the 
contributions from matter fields conformally coupled to gravity, where Nx, Nw, and Na 
are numbers of scalar fields, Weyl fermions, and gauge fields, respectively [30, 31, 32]. 

^Here, the R^ action is not necessary to derive the generator of quantum diffeomor- 
phism. This is also the reason why there is no i?^ term in the action. 

^The radiation gauge is the Coulomb gauge W^hij ~ V*ft-io = with /iqo = and 
the superscript + denotes the extra condition that the lowest mode of hio, satisfying 
(V^ Vj + 2)hiQ — 0, is removed. 



satisfying V^Cj^ + Vj^C^ ~ Qfiu'^xC^/'^ = and the gauge transformation is 
given under the decomposition (2.1) by 



C*v« 



+ jv.c^ 



and 



S<:hf„y = C^Vxh^^y + -h^x 



VuC - v\. 



+ \k. 



v^C' - v^c 



(2.4) 



(2.5) 



at the vanishing hmit of the couphng constant. This is the conformal transfor- 
mation when we consider quantum gravity as a quantum field theory defined 
on the background g^^. 

The generator of 5^0 is derived from the Riegert-Wess-Zumino action. 
This is one of the evidence that this action is indeed necessary to preserve 
diffeomorphism invariance quantum mechanically. Similarly, the generator 
of d^h^v is derived from the Weyl action. The right-hand side of 5c_ is field- 
dependent so that this gauge symmetry gives stringent constraints to physical 
quantities. 

To advance the study further, we specify the background to be the cylin- 
drical background R x S^ (A.l) as used in the previous studies. We then 
obtain the 15 conformal Killing vectors (^ = r]'^, Cmni Cm^ Cm defined in Ap- 
pendix. For these vectors, we obtain the 15 generators of conformal symmetry 
Qj^, which are represented as follows: the Hamiltonian H, the 6 generators of 
the rotation group on S^ denoted by Rmn and the 4-|-4 generators of the spe- 
cial conformal transformations denoted by Qm and its hermitian conjugate 
Q\j. These generators form the closed algebra of 5*0(4, 2): 





Qm,Qn 


= 26mnH + 2Rmn, 


H,Qm 


= -Qm, 


H,Rmn 


= [Qm,Qn] = 0, 


Qm, RmiM2 


= 5mM2Qmi— ^Mi^M2^M-MiQ-M2-, 


RMiM2,Rm3M4 


= Smi Ma Rmz Ma — ^Mi ^Ma ^- Ma M4 Rmz - Mi 






SM2M3RM1M4 + eMi^Ma'^-MiMa-R-MaJi 



(2.6) 



Here, the rotation generator that satisfies the relations Run = —^m^nR~n-m 
and R^j^^ = Rnm forms the algebra of SO{A) = SU{2) x SU{2). 

Explicit Form of The Generator We here present the notation of the 
field operator and the explicit form of the generator of conformal algebra 
[16, 18, 20] used in this paper. 

The Riegert field is decomposed into three parts: creation modes, zero- 
modes, and annihilation modes as 

= 0> + 00 + 0<, (2.7) 



where 0> = 0< and 



{q + r]p) , 



/2b^ 



2Vh\j>,/2 N ^J{2J+l) 

+ E E , ^ hj^e-^^'-^^'^^YjA. (2.8) 

J>o N y(J + l)(2J+l) J 

Quantization has been carried out in the standard method such as the Dirac 
procedure for higher-derivative fields. The commutation relation for each 
mode is given by 



OjiMnOjjMa 



^JlMi,&j2M2 



= —^JiJ2^MiM2-, (2-9) 



where ajM and hjM are the positive-metric and the negative-metric modes, 
respectively. 

The generators of conformal transformations are given as follows. The 
Hamiltonian is 

H = \p'' + h, + Y. E{2Mm«JM - (2 J + 2%j^hjM], (2.10) 

^ J>0 M 
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where the constant energy shift 61 is the Casimir effect depending on the 
coordinate system. The generator of special conformal transformation has 
the form 



Qm = [V^ - ip) a^M 

+ T.T.T. cjM„j+iM.{\/2J(2J + 2)eMA-M.aj^M, (2.11) 



J>0 Ml M2 ^ 



(2J+ l)(2J + 3)eMi&j_Mi^j+iM2 +^M2aj^i_^2&jAfi|, 

where the C-function is defined by (A. 3). Unhke the Hamiltonian, this gener- 
ator hnks between the modes with different representation indices. Further- 
more, as emphasized in Introduction, this generator mixes the positive-metric 
and the negative-metric modes due to the last cross term. 

The rotation generator Rmn is not depicted here (see refs.[16, 18]) be- 
cause compared with the special conformal transformation, the role of this 
generator is rather trivial when we construct vertex operators. 

The generator of conformal transformation (5^/i^j, (2-5) has been con- 
structed from the Weyl action in [18] and the transformation law was investi- 
gated in [20]. This generator also has the property that mixes positive-metric 
and negative-metric modes in the traceless tensor field. 

In this paper, we study gravitational quantities composed of the Riegert 
field only such as the cosmological term and the Ricci scalar. 

3 Transformation Law of The Riegert Field 

We here rederive the transformation law of the Riegert field studied in 
ref. [20]. Using this result, we study the transformation properties of various 
composite field operators in the half of this section and following sections. 

We first see the special conformal transformation. For the creation mode 
0>, we obtain 



t[QM,<P>] = -^ie'A{VW,-ip)Yl 



2Vh 



^M 



+ Yl \/ 9 T , 1 Yl ^nC^j_^ i^,aj^e' ''Vj+iTV' 

J>l/2 V ^-' -^ J- jv^AT/ 2 

J>0 * -' -r J- AT^AT' ^ 

= CV^0> + C°A0o + ^VX^. (3.1) 

Here, in order to show the second equahty, we use the product expansion 

Y^M^JN = -1¥F- \ Zl ^'jN,J+^N'^J+^N' + zl ^JN,J-^N'^J~^,N' \ ' 



. ^ ?> K N' N' 



^ ^/ V3 k ^, 2 i 



H2J + 2)Y.C%^, YU \. (3.2) 

AT/ 2 



Similarly, we obtain the following equation 

i[<3M,0o + 0<] = CmV/,0<. (3.3) 

Combining these equations, we find that the special conformal transfor- 
mation of the Riegert field is written in terms of the commutator as 

^[QM,0] = CV^0 + ^V^C. (3.4) 

The right-hand side is equal to 5(^0 (2.4) with the conformal Killing vector 
a (A.5). 

The commutators with the Hamiltonian and the rotation generator are 
given by 

i[H,(t)\ = (9^0, 
i [Rmn, 0] = Vj (Cmn4>) , (3.5) 



where VjCmat = is used. Unlike the generator of special conformal trans- 
formation, these generators do not mix the zero mode and the oscillation 
modes. 

Next, we consider the transformation law of the composite operator de- 
fined by the normal ordering, 

: 0" :=: (0> + 0o + 0<)" := E 7 mTTtC"' (0o + 0<)' • (3.6) 

Using (3.1) and (3.3), we find the following transformation law: 

z [Qm, : 0" :] = Cm"^, : 0" : +j'^,Cm ■ 0""' : "T^^^^ " ^^"^ ^^M ■ 0""' ■ ■ 

(3.7) 
Here, we take account of the commutation relation [0o, <9,,0o] = if^bi such 
that 

dr, (00 + 0<)'' = kd.^<P< (00 + <f)<)''~^ + kd.^<Po (0o + <P<)^~^ 

+^J_k{k - 1) {<j>o + <!><)'-' (3.8) 

and the relation i(l^ = V^Cm/4- 

The commutators with the Hamiltonian and the rotation generator are 
computed as 

t[RMN,:r--] = vAcitN'-r-)- (3.9) 



4 Cosmological Constant Vertex Operator 

Let us construct vertex operators in 4D quantum gravity. We first study 
the vertex operator given by the purely exponential function of the Riegert 
field. The normal ordering of such a composite operator is defined by 

V^ =: e""^ := y — : 0" := e"<^> e""^" e"'^< . (4.1) 

;^o^! 



The zero-mode part can be written as 



t-i g 



/2bi p 4&-^ 



--W 



p \/2^1 p \J'^^\ p 46]^ 



«J3I7'? 



(4.2) 



Here, a is a real constant, which will be determined by physical conditions 
given below. This constant denotes a quantum correction to the composite 
operator. 

Using the transformation law of the composite operator given by (3.7), 
we can show 



hr 



I [Qm, v;] = cv^\4 + ^v^CK 



(4.3) 



where ha is the conformal weight of the vertex operator computed to be 

q;(46i — a) 



hn 



46i 



(4.4) 



which satisfies the duality relation ha = /i46i-Q- This transformation law 
was first studied in ref. [16] by analogy with 2D quantum gravity, in which 
the equality was checked by comparing both sides level by level in the mode 
expansion. Here, we confirm it using the transformation property of the 
Riegert field. 

If we take the conformal weight to be the dimension of space-time as 
ha = 4, the transformation law (4.3) becomes 



t[QM,Va]=V,{CMVa 



and thus we obtain 



Qm, / dQ:4Va 



0, 



(4.5) 
(4.6) 



where dQ^ = d'^x^—g = drjdVt^ is the space-time volume element. 

Since the constant a satisfying the physical condition /iq, = 4 is a real 
number due to 6i > 4 independently of matter field contents, the vertex 
operator Va is real. Therefore, by taking the hermitian conjugate of (4.6), 
we obtain 



Qm^ / dVt^Va 



0. 



(4.7) 
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The commutators with the Hamiltonian and the rotation generator are 
given by 

t[H,V^] = d.V^, 

t[RMN,V^] = VACMJ^V^ (4.8) 



for any a. Therefore, the space-time volume integral of Va commutes with 
the Hamiltonian and the rotation generator. 

Thus, we show that the space-time volume integral of Va with /Iq, = 4 com- 
mutes with all generators of conformal algebra. This operator corresponds 
to the cosmological term.^ 

Operator Products Now, we calculate the operator product of the vertex 
operator Va- We first compute the operator product of the Riegert field 

<P{x)<P{x') = i [Mv),Mv')] + [0<(a:),0>(x')]+ : 0(x)0(a:') : . (4.9) 

The normal ordering of the product of two separate is defined through this 
equation. 

The singular part can be computed using the formula [33] 

E YM^)YU^') = 4^^'M' (4-10) 



where x'^ is the character of the representation of SU{2) group 

,.(.) . 5!i%L±M (4,u) 

and 



sm2 



u 13-13' a -a' 7-7' /3 + /?' . a - a' . 7 - 7' 

cos — = COS COS COS COS sm sm . 

2 2 2 2 2 2 2 

(4.12) 



^Precisely, one of the solutions of ft-a = 4 satisfying a ^ 4 in the large 61 limit is 
identified with the cosmological term, which is given by a = 26i(l — -^/l — 4/6i). 
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Using this formula we obtain 

[0<(a;),0>(a;')] 

^''1 ^3 [j>l/2 -^ J>0 "^ + ^ 



j^CS27^-"""'""""=[P-'^^'l 



(4.13) 



where the equation x^^^^'^i'^) ^ X"'^^^^!'^) = 2cos[(2J+ \)uj/2] is used. The 
infinite sum is evaluated under the regularization such asrj — rj' -^ rj — r]' — ie, 
where e is an infinitesimal positive constant. Thus, we obtain 

[0<(x), 0>(x')] = -^ log (l - 2e-(''-''') cos I + e-^^^"-"')) . (4.14) 

Combining this equation with the commutation relation [0o(^), 0o(V)] = 
—i{i] — ri')/2bi, we obtain the following operator product: 

0(a;)0(a;') = -— log L\r] - r]',u)+ : 0(a;)0(a;') :, (4.15) 

4oi 

where the function L is defined by 

L'^{ri — ri',uj) = 2 < cos{ri — i]') — cos — > . (4.16) 

The logarithmic term gives the Green function of the Riegert field, which 
reflects that the field is dimensionless. In the short distance limit, it is 

L^^-(T^-r]'f + Kj^ = (x-x')\ (4.17) 

where cu^ ~ (a— q;')^ + (/3 — /3')^ + (7— 7')^+2(q; — q;')(7— 7'). This corresponds 
to the distance between two separate points on the fiat background obtained 
by taking the large radius limit, and then the Green function of the Riegert 
field reduces to the known form of (— l/46i) x log(a; — x'Y- 

The operator product of the vertex operator Va is calculated using the 
equations above to be 

V^{x)V^,{x') = exp(^aa'|^[0o(r?),0o(V)] + [0<(^),0>(^')]}) ■.V^{x)V^,{x'): 

I 1 \ '*''i 

: K(x)V;,(x') :, (4.18) 
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where the normal ordered product in the right-hand side is defined by 

: Va{x)Va'{x') := e"<^o(r?)+aVo(r?')e«<^>We°V>(^')e°<^<We"'<^<(^'). (4.19) 

The zero-mode part is defined through the Baker-Campbell-Hausdorff for- 
mula e^e^ = e^I^'^le"^^^ satisfying when [A, -B] is constant. 

If we take a to be a solution of /iq, = 4 and a' to be its dual solution 
46i — a, we obtain the equation 

- (^I^^4.,(x). (4.20) 

In the second line, we extract the most singular term in the short distance 
limit. The operator V^b-^ is the dual operator of the identity with the vanishing 
conformal weight, h^bi = 0. 

5 Ricci Scalar Vertex Operator 

Next, we consider vertex operators with derivatives. Because of the rota- 
tion invariance, the number of derivatives must be even. The simplest one is 
the vertex operator corresponding to the Ricci scalar, but its exact form is 
unknown yet. In this section, we construct the Ricci scalar vertex operator 
concretely using the transformation properties of the Riegert field and then 
study its operator product. 

We here look for the vertex operator by trial and error. Considering that 
the Ricci scalar yJ—gR is described by —Q^J—ge^'^{W'^(|) + V^(f)V^(f) "~ 1) on 
R X S^ classically, we first study the following normal ordered operator: 



Wp = : (V'0 - 1 + V^0V>J e- 

= W^ + W^ + W^ + W^, (5.1) 



where 



W^ = V'0>V> + v>vV< - V^/3, 
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< = 


= -dn^odn(t)oVi^, 


W^ -- 


= -2drj(f)0 (<9,,0>V> + 1^/3<9^0<) , 


w^ - 


= -d^(f)ydr,(j)>V[S - 2(9^0>\//3(9^0< - V,3dr,(j)<dn(j)< 




+V,0>V^0>V> + 2V,0>\/;3V^0< + V>V,0<V 



• (5.2) 

Here, l^ is defined by (4.1) and the quantum correction /3 is a real constant 
determined by the physical condition. It is significant that the zero-mode 
(9j,0o is introduced in the asymmetric form. 

The commutators with the Hamiltonian and the rotation generator are 
given by 



i [Rmn, Wp 






(5.3) 



for any /3. Here, we use (4.8) and equations derived from (3.5) such as 

Let us show that this operator has a good behavior under the Qm trans- 
formation. The transformation law of each part is computed as 



i[QM,Wl, 



Qm.W. 



Qm,W^ 



hf- 



M'p ■ 4 



'-^,CmK - 2Cm5.0o^/3 



-2C^ (9,0>\/;3 + Vpd^cP^) + 2C1, ( V,0>V> + V>V, 



jV< : 



Cm'^.W^ + 



i 

/i/3 + 1 



Cm^.W^ + '-j^^CmWI 



'M u/C 



'M U/B 



4 ^.CmWI^ + ^^.CmW^ 



+2Cd^<j)oV(, - 2td^MM (v,0>V^/3 + V^jV 



jv^<; ) 



Qm,i^.°1 = av^w^, 



M"^*^/? 






"fj- U/C 



-2C1, (V,0>1^^ + 1^/3 V,0<) , (5.4) 



where we use equations derived from (3.1) and (3.3) and the transformation 
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law of Vp (4.3). Combining these equations, we find 

t [Qm, Wp] = Cm^.W^ + ^^^V.CmWp (5.5) 

for any /3, where hp is defined by (4.4). Here, note that this equation is so 
strong as to determine the form of the vertex operator uniquely to be above. 
Unlike Vg, the vertex operator Wp is not real because it has the asym- 
metric form regarding to the zero-mode so that the commutator between Q\j 
and Wp is not equal to the right-hand side of (5.5) with ^^ instead of Cm- 
However, Wp and W^ are equivalent up to time derivative of Vp as 

Wp = Wl + ^d,Vp, (5.6) 

where 

dvVp = /S {^ {d^'PoVp + Vpd^4>o) + 5,0>^/3 + Vpd^4><] ■ (5.7) 

Therefore, we find that the real vertex operator defined by 

T^P = \ {Wp + wl) (5.8) 

satisfies the relation 

j dn^TZp = f dn^Wii = f dn^w^. (5.9) 

Thus, we can show that the space-time volume integral of 7^^ with /i^ = 2 
commutes with all generators of conformal algebra as 



Qc, / dVLjip 



0. (5.10) 



This vertex operator corresponds to the Ricci scalar. 

We here mention that we cannot define the naive state-operator corre- 
spondence as in 2D CFT for the Ricci scalar vertex operator, although the 
cosmological constant vertex operator has such a correspondence.^ It seems 



^Thc physical states is defined by the conditions {H — 4)|phys) — i?M at |phys) = 
QMlphys) = [19, 20]. The state for the cosmological constant denoted by \Va) = 
gQ!0o(o)|j-^^ can be obtained from the vertex operator Va through the state-operator cor- 
respondence: \Va) = liuijj^ioo e^^^^Va{ri,x.)\n), where ha = 4 and |51) is the conformally 
invariant vacuum. 
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to be a general feature that any vertex operators with derivatives have. This 
issue remains in the future. 

Another Expression We here consider more simple expression of the ver- 
tex operator with two derivatives defined by 

S^ = VV>V> + V>V'0< - V/J- (5.11) 

This vertex operator is the same to W^ up to the last term. We find that 
this operator has the following transformation property: 

i[QM,<Si3] = Cj^V^Sp^ — V^Cikf^/? 

(5.12) 



Thus, we obtain the equation 



Qm-, / dVt^^Sp 



(5.13) 



for hji = 2. 

Since this vertex operator is real, the same equation holds when we replace 
Qm with its hermitian conjugate Q]^. The commutators with the Hamilto- 
nian and the rotation generator also vanish. Therefore, the space-time vol- 
ume integral of Sfj with hp = 2 commutes with all generators of conformal 
algebra. This operator is another expression of the physical vertex operator 
with two derivatives. 

Operator Products Let us consider the operator product of the real ver- 
tex operator Sp. Here, we are interested in the short distance singularity. 
The most-singular (M.S.) part is computed as 



Sb{x)Sb'{x') 



M.S. 
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{[vV<(a:),VV>(:^': 



+ 



(a:),V20>(a:') 



X 



1 



mL 



: Vi3{x)V^>{x') :, 



V20<(a;),/3'0>(x')]} 
(5.14) 



L2(r] — ri',uj) ^ 

where we use the operator product (4.18). 

The commutators in the right-hand side can be computed using the mode- 
expansion 



E E 

J>l/2 N 



J 



2J+1 



ajNe 



i2Jriyr 



JN 



+ E E J^T^bj^e-^^'^+'y^Yj^ 



J>0 N 



2J + 1 



(5.15) 



and we obtain the following short distance singularities: 

L J bi L^[rj — rj',u) 

1 1 



hi {x — x'Y 



(5.16) 



and 



VV<(a:),VV>(a:'; 



8 cos(r7 — Tj') cos f — 1 
8 -{r]-r]'f 4 1 



JW^O- (5.17) 



6i (a; — x'Y bi {x — x'y 

The last arrow in (5.17) denotes that in the fiat background by the large 
radius limit, this commutator vanishes in proportion to the inverse of the 
square of radius by dimensional analysis. 

The most singular part thus comes from the second term in the right-hand 
side of (5.14). Using (5.16), it is given by 



Si3{x)S/3,{x'] 



IM.S. 



COS^f 



{L'^{r]-r]',uj)} 



1 



bi 

Pl_ 

bi \{x — x'y ^ 
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2+ 



PP' 



r:V^{x)Vf,>{x'): 



_I3I3' 



: Vi3+i3'{x) : . 



(5.1^ 



If we take /3 to be a solution oi hp = 2 and /?' to be its dual solution 46i — /3, 
we obtain 

O 1 

Si3{x)Sil,^^l3{x)\M.S. ^ 7- / _ A8 ^4fci(a^), (5.19) 

where V4f,j is the identity operator with vanishing conformal weight as men- 
tioned before. 

The operator product has the physical coefficient of positive due to hi > 0, 
as expected from the property that the vertex operator is real. The positivity 
of bi represents that the Riegert-Wess-Zumino action has the right sign such 
that the path integral is well-defined.'^ This suggests that the correctness 
of the overall sign of the gravitational action, not the sign of each mode, is 
significant for unitarity. 

In general, diffeomorphism invariant fields are real and thus their cor- 
relation functions are expected to be physical as long as diffeomorphism 
invariance holds. 



6 Conformally Invariant Deformation 

Finally, we consider a deformation of the generator by a mass scale while 
the conformal algebra holds, as discussed by Curtright and Thorn in the 
Liouville theory [26, 29]. 

We here consider the Riegert-Wess-Zumino action perturbed by the cos- 
mological constant vertex operator as 

Srwz = 5'rwz - ^ d^iVa, (6.1) 



where ha = 4. Since the stress-tensor for the cosmological term is propor- 



tional to the background metric as T^ = — A^^yV^a, the generator is expressed 



as 



Qc = Qc + A/rff^3C°K. (6.2) 



^In terms of the Wick-rotated Euclidean theory, it is simply denoted that the path 
integral has the correct weight e~ "^ with the action Se bounded from below. 



Substituting the expressions of the conformal Kilhng vectors C^, we obtain 

H = H + Afdn^Va, 

Qm = Qm + ^ / dfisCM^a, 

(6.3) 



Rmn 



R 



MN- 



In the following, we will show that the generator Q^ also satisfies the confor- 
mal algebra of SO {4, 2). 
First, we see 



H,Q 



M 



[H,Q 



M 



A 



H, dQsCMVc 



QM,JdnsVa^ +A^ y dn^Va, J dnsCjV^ 

-Qm + ^[h,J ^^sCmK] - A [Qm, J dn^V^ 



, (6.4) 



where we use [H,Qm] = —Qm and [V^(a:), Va(a;')] = as a consequence of 
the operator product (4.18). Using (4.5) and (4.8), we obtain 



H,Q 



M 



-Qm - A / dn^CV^ = -Q 



M- 



The commutator of H and Rmn vanishes as 



H,R 



MN 



lA / rffigV, ieMNVa) = 0, 



(6.5) 



(6.6) 



where (4.8) is used. 

The commutator of Qm and QJv are computed as follows: 



Qm, Q 



Qm, Q 



+ A 



Qm, / dQ^^j^Va 

'^^mnH + 2Rmn + 2(5m7vA / d^^Va 
25mnH + 2Rmn- 



A 



Qn, / d^sCM^a 



(6.7) 



Here, we use the equation 



.V, 



-Cl.V,a* + OXLCn = ^^ (V^r|^,V,ri^ + Yl^,Y^^) = i5mn (6.^ 



19 



and the complex conjugate of this equation, which can be derived from (3.2). 
We also find that the commutator of two Qm vanishes as 



Qm, Q 



N 



A 



Qm, / dil^Cj^Va 



A 



Qn, / d^sCiy^Va 



0, 



(6.9) 



using (4.5) and the relations 9^Cm = Km ^^^ ^"'Cm = Kii from the definition 
(A.5). 

Lastly, we calculate the commutator of Qm and Rmn, which is given by 



Qm, R 



M1M2 



[Qm, R 



M1M2. 



-A 



RmiM2, / dfisCj^Va 

= SMM2QM1 — ^Mi^M2^M-MiQ-M2 — iA dQ^Cj^^M^V jC^Va 
= SMM2QM1 — ^Mi^M2^M-MiQ-M2, (6.10) 

where the second equality comes from (4.8) and the third equality is from 
the equation 



CmiM2^j(m — '^^MM2Cmi ~ 'i-^Mi^M2^M~MiC-M2^ 



(6.11) 



which is shown by using the product formula ViY?/2JV^V*Y'i/2Ar = 4:Smn/'^3 ^ 

^l/2M^l/2Af ^^^ ^1/2N — fAf^l/2-Af- 

Since the rotation generator is Rmn = Rmn, the closed algebra of this 
generator is trivially satisfied. Thus, we show that the deformed generator 
(Qf also forms the closed algebra of conformal symmetry equivalent to that 

ofQc- 

This result reflects that the conformal symmetry is just equal to the dif- 

feomorphism invariance in the UV limit. Thus, 4D quantum gravity with the 

cosmo logical term (6.1) also has the conformal invariance as a realization of 

background metric independence, and it is expected that the same situation 

will be realized in the system perturbed by the Ricci scalar. 

7 Conclusion and Discussion 

We have studied various vertex operators in 4D CFT obtained by quan- 
tizing gravity in the non-perturbative manner, whose dynamics is described 
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by the combined system of the Riegert-Wess-Zumino action and the Weyl 
action. The conformal invariance is equal to the diffeomorphism invariance 
in the UV hmit, which gives the first example of diffeomorphism algbera that 
is closed quantum mechanically in four dimensions. 

Since the conformal symmetry mixes the positive-metric and the negative- 
metric modes in the gravitational field, we cannot treat these modes sepa- 
rately and thus the field acts as a whole when we consider physical quantities. 
In this paper, developing the study of the transformation law of the grav- 
itational field achieved in our previous work [20], we have constructed the 
gravitational vertex operator composed of the field such as the Ricci scalar. 

The short distance singularity of the product of the vertex operator has 
been computed and it was shown that the coefficient has the physical sign of 
positive when bi > 0. This result seems to be natural because the positivity 
of two-point functions originates from the property that the vertex operator 
is real due to diffeomorphism invariance, and why the positivity does not 
break in the correlation, after all, comes from the fact that the action is 
bounded from below so that the path integral is well-defined. 

Of course, this statement is based on the fact that physical vertex oper- 
ators are written in terms of the field itself and thus the ghost mode never 
appears individually. If ghosts themselves were gauge invariant as in usual 
perturbative approaches, one could not apply this statement to their cor- 
relations because only the ghost part in the action contributes to the path 
integral so that the positivity of the overall sign of the action becomes mean- 
ingless. 

Finally, we showed that the generator of conformal transformation per- 
turbed by the cosmological constant vertex operator with mass scale also 
forms the conformal algebra. This indicates that correlation functions in 
such a perturbed system have a power-law behavior of this mass scale, as in 
the case of 2D quantum gravity [27, 28, 29].^ 



*^The IR scale indicating a logarithmic violation of conformal symmetry is given by the 
dynamical energy scale Aqq, and hence a degree of deviation from CFT is measured by 
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A Scalar Harmonics and Conformal Killing 
Vectors on R x S^ 

The background metric is parameterized by the coordinate x^ = (^, x*) 
using the Euler angles x* = {a, (3, 7) as 

d-^'ftxs'i — g^iudx^dx" = —drf + -{da^ + d(3'^ + ^7^ + 2 cos (idad'y)^ (A.l) 

where a, (3 and 7 have the ranges [0,27r], [0,7r] and [0,47r], respectively. The 
radius of S^ is taken to be unity. The curvatures are then given by Rij = 2gij, 
R = 6 and -Ro^i^a = -Roa* = ^fiuXa = G4 = 0. The volume element on the unit 
S^ is dQ^, = sin 13 dad /3d'y/ 8 and the volume is given by V3 = /^a dQ^ = 27r^. 
The conformal Killing vector and the Riegert field are written in terms 
of scalar harmonics on S^. It, denoted by Yjm, is the eigenfunction of the 
Laplacian ^3 = V*Vj on S^ belonging to the (J, J) representation of the 
isometry group SU{2) x S'f/(2), 



U^YjM = -2 J(2J + 2)YjM, Yjm = J'^^^^Di^,. (A.2) 

Here, D'^^, is the Wigner D-function [33]. J (> 0) takes integer or half- 
integer values, and the index M = {m, m!) denotes the multiplicity of the 
(J, J) representation and thus m and m' take values from —J to J, respec- 
tively. The normalization is taken to be j dVLzYj^M^^J2M2 = SjiJ2^MiM2, 
where SmiM2 = ^mim2^m' m' ■ The complex conjugate of scalar harmonics is 
given by YJj^ = cmYj^m, where the sign factor is cm = (—1)™-"'" satisfying 

The SU{2) X SU{2) Clebsch-Gordan coefficient defined by the integral of 
three products of scalar harmonics over S^ is given by 

CjiMi.JaMa = V ^3 / ,^ dVL^Yjj^Yj^MiYj^M2 



the running coupling constant. If we take Aqq — lO^^GeV below the Planck scale, we 
can construct the inflation model in which the Riegert field serves for the inflaton field 
[34, 35, 36]. 
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_ / (2Ji + 1)(2J2 + I) ^jm ^Jm' t K o\ 

~ y 2J+1 '-'Jimi,J2m2'-'Jim'i,J2m^' l^'-^J 

where Cj^_^ j^^^ is the standard SU(2) Clebsch-Gordan coefficient [33]. 

The 15 conformal Kilhng vectors on i? x S*^ are as follows. The Killing 
vector that generates the time translation is given by 7]^ = (1, 0, 0, 0). The 6 
Killing vectors on S^ are given by ^^^ = (0, (Iin) with 

cifN = ^Y {^fMv^n^ - n^^'^iMJ , (A-4) 

satisfying the equation V*Cm^ + V-'Cmjv — 0- Here, we use the index without 
J in the case of the 4- vector index with J = 1/2 that appears in the conformal 
killing vectors and the corresponding generators. The 4 + 4 vectors that 
generate the special conformal transformation are given by Cm — (Cm 5 Cm) 
with 

2 2- " A 2- 

and their complex conjugates. 



C^ = V^^'^^Im, ci. = -^ V^^'^'^Im (A.5) 
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